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§ Introduction 

The theory of Lie superalgebras has been developed systematically, which includes the 
representation theory and classifications of simple Lie superalgebras and their varieties [8] 
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[3]. In many physical applications or in pure mathematical interest, one has to consider 
not only Z 2 - or Z- grading but also G-grading of Lie algebras, where G is an abelian 
group equipped with a skew symmetric bilinear form given by a 2-cocycle. Lie algebras 
in symmetric and more general categories were discussed in [6] and [5]. A sophisticated 
multilinear version of the Lie bracket was considered in [5] [T5]. Various generalized 
Lie algebras have already appeared under different names, e.g. Lie color algebras, e Lie 
algebras [14], quantum and braided Lie algebras, generalized Lie algebras [2] and H-Lie 
algebras []]. 

In P2], Majid introduced braided Lie algebras from geometrical point of view, which 
have attracted attention in mathematics and mathematical physics (see e.g. [13J and 
references therein). 

In paper [IT], braided m-Lie algebras was introduced, which generalize Lie algebras, 
Lie color algebras and quantum Lie algebras. Two classes of braided m-Lie algebras are 
given, which are generalized matrix braided m-Lie algebras and braided m-Lie subalgebras 
of EucIfM, where M is a Yetter-Drinfeld module over B with dim B < oo . In particular, 
generalized classical braided m-Lie algebras sl q j(GM G (A), F) and osp qtt (GMc(A), M, F) 
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of generalized matrix algebra GMq(A) are constructed and their connection with special 
generalized matrix Lie superalgebra sl s j(GM Z2 (A s ) , F) and orthosymplectic generalized 
matrix Lie super algebra osp s j(GMz 2 (A s ), M s , F) are established. The relationship be- 
tween representations of braided m-Lie algebras and their associated algebras are estab- 
lished. In this paper we follow paper [17] and obtain universal enveloping algebras of 
braided m-Lie algebras and PBW theorem by means of combinatorics on words (see [10]). 
Throughout, F is a field, 

1 Braided m-Lie Algebras 

We recalled two concepts. 

Definition 1.1. (See [T 7 ^ ) Let (L, [ ]) be an object in the braided tensor category 
(C,C) with morphism [ ] : L <8> L — > L. If there exists an algebra (A,m) in (C,C) and 
monomorphism <fi : L — >■ A such that </>[ ] = m((j) (S> (f>) — m((p <g) 4>)Cl,l-> then (L, [ ]) is 
called a braided m-Lie algebra in (C, C) induced by multiplication of A through 0. Algebra 
(A,m) is called an algebra associated to {L. [ ]). 

A Lie algebra is a braided m-Lie algebra in the category of ordinary vector spaces, a Lie 
color algebra is a braided m-Lie algebra in symmetric braided tensor category (Ai FG , C r ) 
since the canonical map a : L — > U(L) is injective (see [TU Proposition 4.1]), a quantum 
Lie algebra is a braided m-Lie algebra in the Yetter-Drinfeld category (^yV, C) by [U 
Definition 2.1 and Lemma 2.2]), and a "good" braided Lie algebra is a braided m-Lie 
algebra in the Yetter-Drinfeld category (^yV, C) by [4, Definition 3.6 and Lemma 3.7]). 
For a cotriangular Hopf algebra (H,r), the (H, r)-Lie algebra defined in [Tj 4.1] is a 
braided m-Lie algebra in the braided tensor category ( H M.,C r ). Therefore, the braided 
m-Lie algebras generalize most known generalized Lie algebras. 

For an algebra (A,m) in (C,C), obviously L = A is a braided m-Lie algebra under 
operation [ ] = m — mC^L, which is induced by A through idA- This braided m-Lie 
algebra is written as A~. 

Definition 1.2. (see /7P| /j Let H be a Hopf algebra, (V, a) and (V, 5) be a left H-module 
and a left H-comodule, respectively. If 

8(a(h (g> v)) = 5(h-v) = 22 h m v (-±) s ( h (3)) ® ^(2)^0 (1-1) 

Vt> G V , h G G, then (V, a, 5) is called a Yetter-Drinfeld module over H, or a H- YD 
module in short. All of H- YD module construct a braided tensor category, called the 
Yetter-Drinfeld module category, denoted as (^yV,C), where C is the braiding. 
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If H = FG is a group algebra and (V, a, S) is an FG- YD module, then V becomes a 
G-graded space V = © 96 gV^ and the condition (11. ip becomes 

5(a(h <g> v)) = 8{h ■ v) = V] hgh~ l ®h-v (1.2) 

for any h, g <E G, v £ V g . 

Let G be a group and x a bicharacter of G, i.e. x is a map from G x G to F 
satisfying X (ab,c) = x(a,c)x(&,c), x(a, 6c) = x(a, 6)x(a, c) and x(a,e) = 1 = x(e,a) for 
any a, b, c G G, where e is the unit element of G. The braiding of FG-YD module (V, a, 5) 
is determined by bicharacter x if h ■ x — x{h,g)x for any h, g G G, x G V g . In this case, 
C(x (g) y) = x(^) ® x f° r ari Y homogeneous elements x £ V g , y & V^. Obviously, if the 
braiding of FG-YD module (V, a, 5) is determined by bicharacter x, then the braiding of 
(V, a, 5) is diagonal. Conversely, if the braiding of a braided vector space V is diagonal, 
then V can becomes an FZ[/]-YD module, which braiding is determined by a bicharacter 
(see |7]). If G is a finite abelian group and V is a &G-YD module, then the braiding 
of V is diagonal (see [IE])- In this paper we only consider the braiding determined by 
bicharacter x- 

2 Jacobi identity 

Lemma 2.1. (See JPJ/j If L is braided m-Lie algebra, then Jacobi identity holds: 

[[ab]c] - [a[bc]} + X {a, b)b[ac] - x(b, c)[ac}b = (2.1) 
for any homogeneous elements a, b, c G L, where x(fl, b) denotes x(g, h) for a G V g , b G Vh- 
Proof. 

the left side = abc — x(o, b)bac — x( a b, cjcab + x( a b, c)x(a, b)cba 
—abc + x(b, c)acb + x( a , bcjbca — x( a -> bc)xip, c)cba 
+x( a ! b)bac — x(«, b) X (a, c)bca — X (b, c)acb + x(b, c) X (a, c)cab 
= O.D 

3 Universal enveloping algebras of braided m-Lie al- 
gebras and PBW theorem 

Let E be a homogeneous basis of braided m-Lie algebra L and B a set. Let B* denote the 
set of all words (see [10]) on B and Lp a bijective map from E to B. Define [be] = f([ef]) 
for any b = (f(e), c = (f(f), e, / G E. Let -< be an order of B and P =: {6162 • • • b n \ b{ G 
B,b n -< -< < bx,n G N}. 
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For any w G P*, let v(w) denote the number of elements in set {(r, s,t) \ w = 
rasbt; a,b G B,r,s,t G B*,a -< b,} and u{w) is called the index of w. Obviously, we have 

v{ubav) = v{uabv) — 1 

for any a, b G B,u,v G B*,a -< 6. We also have that ^(w) = if and only if w G P. 

For any a set X, let FX denote the vector space spanned by X with basis X. It is 
clear that FP* is the free algebra on B. Meantime FB* also is the tensor algebra T(FB) 
over FB. 

Lemma 3.1. There exists A : FB* — > FP such that 

(i) A(/) = /, / G P; 

(ii) \{ubcv) = x(b, c)X(ucbv) + \(u[bc]v), u, v G B* ,b, c G B ; 

(iii) \(uv) = \{\{u)v) = X(u\(v)),u, v G PB*. 

Proof. For «; G P*, we define X(w) using an induction first on the length and second 
on the index. If w G B, define X(w) = w. Let the length of w be larger than 1 and 
define X(w) =: x(b, c)\{ucbv) + X(u[bc]v) for w = ubcv with b,c G B, u,v G P*. Now 
we show that the definition is well-defined. For w = ubcv = u'b'c'v' with b,c,b',c' G P, 
ii, v, u', v' G P*, we only need show that 

c)A(wcH + A(«[6c]u) = x(b', c')X(u'c'b'v') + A(m'[6 / c>')- (3-1) 
We show this by following two steps. 

(1°) If |w| < \u'\ — 2, then u' = ubct,v = tb'c'v',t G P*. By induction hypothesis we 
have 

the left side = x(b, c)x(b', c')X(ucbtc'b'v') + x(b, c)X(ucbt[b'c']v') 
+x{b',c')X{u[bc\tc'b'v') + X{u[bc\t[b'c']v') 

and 

the right side = xip, c)x(b', c')X{ucbtc'b'v') + x(b, c)X(ucbt[b'c']v') 
+x(b',c')X{u[bc]tc'b'v') + X{u[bc\t[b'c'}v'). 

Thus flUD holds. 

(2°) If \u\ = \u'\ — lthen u' = ub, c — b',v — c'v' . We only need show x(a, b)X(rbacs) + 
X(r[ab]cs) = c)X(racbs) + X(ra[bc]s). By induction hypothesis we have 

the left side = x( a ; fr){x( a > c)X{rbcas) + X(rb[ac]s)} + X(r[ab]cs) 

= x( a > fr)x( a > c)X{rbcas) + x(a, b)X{rb[ac}s) + X{r[ab]cs) 

= xi a y b)x( a , c){chi(b, c)X{rcbas) + X(r[bc]as)} + x( a , b)X(rb[ac]s) + X(r[ab]cs) 
= x( a ) b)x(a, c)chi(b, c)X(rcbas) + x(a, 6)x( a ) c)A(r[6c]as) + x(a, b)X(rb[ac]s) 
+X(r[ab]cs) 
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and 



the right side = x(6, c){x(a, c)\{rcabs) + X(r[ac]bs)} + X(ra[bc]s) 

— xip-, c )x( a ) c)\{rcabs) + x(b, c)A(r[ac]6s) + X{ra[bc]s) 

— x(b, c)x(a, c){x(a, b)X{rcbas) + A(rc[a6]s)} + c)X(r[ac]bs) + X(ra[bc]s) 
= X(b, c)x(a, c)x(a, b)X(rcbas) + x(b, c)x(a, c)A(rc[afe]s) + x(&, c)A(r[ac]6s) 

+X(ra[bc]s). 

Thus 

the left side — the right side 
= {x{ a i b)x( a i c)X(r[bc]as) — X(ra[bc]s)} + {%(a, b) X(rb[ac]s) — c) X(r[ac]bs)} 

+{X(r[ab]cs) — x(b, c)x(a, c)A(rc[a6]s)} 
= — A(r[a[6c]]s) + X(x{a, b)rb[ac]s — x(b, c)r[ac]bs) + X(r[[ab]c]s) 
= (by Jacobi identity). 

For (iii), we use an induction first on the length and second on the index. Assume 
\wi\ ^ \w\ and w = w±W2- If W\ = ubct, b,c G B, u,t E B*, then 

X(w) = x(b, c)X(ucbtw 2 ) + X(u[bc]tw2) 

= x(b, c)X(X(ucbt)w 2 ) + X(X(u[bc)t)w 2 ) 
= X(X(w 1 )w 2 ) 

If Wi = b, w 2 = cv, b,c G B, v G B* , then X(w) = X(X(wi)w 2 ) . □ 

Definition 3.2. Suppose that L is a braided m-Lie algebra in (C, C) and U is a algebra 
with Lie algebra homomorphism i : L — > U~ . {U,i) is called the universal algebra of 
braided m -Lie algebra L, if the following condition holds: If for any an algebra W in 
(C, C) with a Lie algebra homomorphism : L — > W~ in (C,C), there exists the unique 
algebra homomorphism if; : U — >• W in (C , C) such that the following is commutative: 

L — > U 

w . 

Obviously, ip in section above is a Lie algebra monomorphism from L to FP in f! %yD. 

Let U(L) =: FP. Define the multiplication of U(L) as follows: u * v = X(uv) for any 
u,v G P. By Lemma [37T1 (iii), U(L) is an associative algebra: u * (v * w) = X(uX(vw)) = 
X{uvw) = X(X(uv)w) = (u * v) * w for any u,v,w G P. Obviously, A is an algebra 
homomorphism. 
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Lemma 3.3. If (V, a, S) is an FG-YD module, then tensor algebra T(V) over V is an 
FG-YD module. 



Proof. By the universal property of tensor algebra, we can construct the module 
operation <y( T ( v ^ and comodule operation 5( T ( v '>of T(V) as follows: 

i) 

T(V) — > FG g) T(V) 

i| /* (id ® i)5 iv) t id <S> i 

V — > FG <g> V 

ii) 

V — ► y 

z 4 \ ia^ i 4- 

T(V) — ► T(V) 

where a^(u) =: a(g <g> v) = g ■ v for any v G V, g G G. 
iii) For Vg G G, x,- G V 9j , 1 < j < r, See that 

% • (xi • • • x r )) = 5(a a (xi • • • x r )) 

= 5((g ■ x x ) ■ ■ ■ {g ■ x r )) = 5{g ■ x\) ■ • • 5(g ■ x r ) 

= {gg\g~ l ® (g ■ xi)) • • • (ggr-g^ 1 ® (0 • x r )) 

= (ggig' 1 ) • ■ • (ggrg" 1 ) ®x x -- -x r 

= g(gi ■ ■ ■ gr)g~ x ®x x ---x r . 

Thus (T(V),a,8) is an FG-YD module. Furthermore, considering (i) and (ii), we have 
that T(V) is an algebra in p^yD. □ 

Lemma 3.4. (i) FB* is an FG-YD module. 

(ii) FP is an FG-YD sub-module of FB*. 

(iii) FP is an algebra in p^yV. 

Proof, (i) It follows from Lemma 13.31 
(ii) and (iii) are clear. □ 

Theorem 3.5. (PBW). (U(L),(p) is the universal enveloping algebra of braided m-Lie 
algebra L. 
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Proof. For any an algebra W in y^yD with a Lie algebra homomorphism ip : L — > 
W~ in p^iyD, define -0 : FB* — > FP such that tyip = if) and 9 =: if) |i?p, the restriction of 
if) on FP. It is clear that the following is commutative. 

ip A 
L — > FB* — > FP 

Now we show that 9 is an algebra homomorphism, i.e. 

6(r*s) = 9(r)6(s) 

for any r,s G B*. We show this using induction by following several steps. 
(1°) If rs G P, then 6{r * s) = 6(\(rs)) = 6(rs) = 6(r)9(s). 
(2°) r,s G B and r -< s. See that 

9(r*s) = 9(X(rs)) 

= 9(X(srx(r,s) + [rs])) 

= 9(\(sr))x(r,s) + 6(\([rs})) 

= 9(X(sr))x{r, s) + 0([rs}) ( since the length of [rs] < 2 and is(sr) < v{rs)) 

= e(\(sr)) X (r,s) + 0{[rs}) 

= 9(sr)x(r, s) + 9([rs]) ( since sr G P) 

= 0(rs) = 9(r)9(s). 

(3°) If r = ub, s — cv, u, v G B*, b,c G B,b -< c, uv ^ 1, then 

9(r * s) = 9{\{rs)) = x (b, c)9{X{ucbv)) + 9{\{u[bc]v)) 
= x(b, c)9((uc) * (bv)) + 9((u[bc\) * v) 

= x(b, c)9(uc)9(bv) + 9(u[bc])9(v ) (by induction hypothesis) 
= X (b, c)9(u)9(cb)9(v) + 9(u)9([bc])9(v) 
= 9{u)9{bc)9{v) 
= 9(u)9{b)9{c)9(v) 
= 9(r)9(s). □ 
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